Abstract. We study several closely related invariants of the group algebra kG of a finite group. The basic invariant is the ghost number, which measures the failure of the generating hypothesis and involves finding non-trivial composites of maps each of which induces the zero map in Tate cohomology ("ghosts"). Our new generalizations are the simple ghost number, which considers maps which are stably trivial when composed with any map from a simple module, and the strong ghost number, which considers maps which are ghosts after restriction to every subgroup of G. We produce the first computations of the ghost number for non-p-groups, e.g., for the dihedral groups at all primes, as well as many new bounds. We prove that there are close relationships between the three invariants, and make computations of the new invariants for many families of groups.
Introduction
In this paper, we study several closely related invariants of a group algebra kG, where G is a finite group, and k is a field whose characteristic p divides the order of G. To describe these invariants, we work in the stable module category StMod(kG), which is the triangulated category formed from the category of kG-modules by killing the maps that factor through a projective. A map f in StMod(kG) is called a ghost if it induces the zero map in Tate cohomology, or equivalently, if Hom(Ω i k, f ) = 0 for each i ∈ Z. Our most basic invariant is the ghost number of kG, which is the smallest n such that every composite of n ghosts in Thick k is zero. Here Thick k denotes the thick subcategory generated by the trivial module. When there are no non-trivial ghosts in Thick k (so n = 1), we say that the generating hypothesis holds for kG. This is motivated the Freyd's generating hypothesis in stable homotopy theory [16] , which is still an open question. In a series of papers [5, 8, 10, 12] (with a minor correction made below), it has been shown that the generating hypothesis holds for kG if and only if the Sylow p-subgroup of G is C 2 or C 3 . However, computing the ghost number in cases where it is larger than one has proven to be difficult. Some preliminary work was done in [11] , where the ghost numbers of cyclic p-groups were computed, and various upper and lower bounds were obtained in other cases. Substantial progress was made in our previous paper [15] , where we computed the ghost numbers of k(C 3 × C 3 ) and other algebras of wild representation type, as well as the ghost numbers of dihedral 2-groups, the first non-abelian computations.
In the present paper, we extend the past work in two different ways. Our initial motivation was to produce the first computations of ghost numbers for non-p-groups. For a p-group, Thick k coincides with stmod(kG), the full subcategory of finitely generated modules, which allows one to use induction to produce ghosts in Thick k . But for a general p-group, Thick k is usually a proper subcategory of stmod(kG), which makes things more delicate. Nevertheless, we obtain a variety of exact computations of ghost numbers in this setting, e.g., for all dihedral groups at all primes, as well as new bounds. One of our new techniques is to produce ghosts for kG by inducing up a ghost from a subgroup and then projecting onto the principal block. We show that this composite is faithful, and so when Thick k coincides with the principal block of stmod(kG), we are able to use this technique to study the ghost number of kG. As an example, we prove that the ghost number is finite in this situation. Our main results on ghost numbers are described in the detailed summary below.
Our work on non-p-groups led us to realize the importance of another invariant in this setting, which is the simple ghost number, a concept suggested in [6] . A simple ghost is a map f such that Hom(Ω i S, f ) = 0 for each simple module S and each i ∈ Z, and the simple ghost number of kG is the smallest n such that every composite of n simple ghosts in stmod(kG) is trivial. The point here is that stmod(kG) is the thick subcategory generated by the simple modules, so this is exactly analogous to the ghost number, with the trivial module k replaced by the set of all simple modules. Moreover, for a p-group, k is the only simple module, so the two notions coincide. In turns out that there is a close relationship between the simple ghost number of kG and the ghost number of kP , where P is a Sylow p-subgroup of G, and by studying both invariants at once we can make many more computations. Again, these are described in the detailed summary below.
One of the most important techniques in our work is the use of induction and restriction, which brings us to the third and final invariant that we study in this paper. A strong ghost is a map f whose restriction to every subgroup is a ghost, or equivalently, such that Hom(Ω i k↑ G H , f ) = 0 for each subgroup H of G and each i ∈ Z. The strong ghost number of kG is the smallest n such that every composite of n strong ghosts in stmod(kG) is trivial. This follows the same pattern as above, since stmod(kG) is the thick subcategory generated by the test objects k↑ G H . Unlike the other invariants, one can show that the strong ghost number of kG equals the strong ghost number of kP , and so it suffices to study p-groups. Below we summarize our computations of and bounds on strong ghost numbers.
The overall organization of the paper is as follows. In Section 2, we introduce general concepts that will be of use in the rest of the paper and recall some background material on modular representation theory. Sections 3, 4 and 5 study both the ghost number and the simple ghost number, and are distinguished by the assumptions placed on the group: In Section 3, we assume that the Sylow p-subgroup of G is normal. In Section 4, we assume that Thick k coincides with the principal block. And in Section 5, we assume that the Sylow p-subgroup is cyclic. Finally, in Section 6, we study the strong ghost number.
Note that there is some overlap in the assumptions made in Sections 3, 4 and 5. For example, in Section 4.1 we study groups whose Sylow p-subgroup is a direct factor, and these groups satisfy the assumptions of Sections 3 and 4. This includes the case of p-groups. And in Section 5.1, we study groups with a cyclic normal Sylow p-subgroup, and these satisfy the assumptions of all three sections. In general, the assumptions made are independent, except that Sunil Chebolu and Jan Mináč have an unpublished proof that when the Sylow p-subgroup is cyclic, Thick k coincides with the principal block. (This may be one of those results that is "known to the experts".)
We now summarize the main results of each section in more detail. In Section 2.1, working in a general triangulated category, we define the Freyd length and Freyd number with respect to a set P of test objects. The Freyd number generalizes the ghost number, simple ghost number and strong ghost number defined above. We also recall the closely related concept of length with respect to a projective class, and we prove general results about both of these invariants. In Section 2.2, we recall the basics of the stable module category, and in Section 2.3 we formally introduce ghosts and simple ghosts, specializing the Freyd length and Freyd number to these two situations.
In Section 3 we assume that our group G has a normal Sylow p-subgroup P . Under this assumption, in Section 3.1 we show that a map in StMod(kG) is a simple ghost if and only if its restriction to P is a ghost, and show that the simple ghost number of kG is equal to the ghost number of kP . It follows that when P is normal, the simple generating hypothesis holds if and only if P is C 2 or C 3 . (We don't have a characterization of when the simple generating hypothesis holds in general, but we do know that it does not depend only on the Sylow p-subgroup. See Section 5.2.) In Section 3.2, we apply this result to the group A 4 at the prime 2, deducing that the simple ghost number is 2 and that the ghost number is between 2 and 4. We also give an example of a ghost for A 4 whose restriction to the Sylow p-subgroup is not a ghost.
In Section 4, we focus on groups whose principal block is generated by k in the sense that stmod(B 0 ) = Thick k (or, equivalently, StMod(B 0 ) = Loc k ). We show that this holds when the Sylow p-subgroup P is a direct factor, in Section 4.1, using a result that shows that there is an equivalence between stmod(kP ) and Thick G k . This last result corrects an error in [12] ; see the comments after Theorem 4.1. In Section 4.2, we show that if stmod(B 0 ) = Thick k , then the ghost number of kG is finite. We prove this by using a comparison to the simple ghost number, which is finite for any G. We conjecture that the ghost number is also finite for general G. This is related to a question proposed in [4] . (See Remark 4.8.) Still assuming that the principal block is generated by k, we also show that the ghost number of kG is greater than or equal to the ghost number of kP , by first showing that the composite of inducing up from P to G followed by projection onto the principal block is faithful. In Section 4.3, working at the prime 2, we show that for a dihedral group D 2ql of order 2ql, with q a power of 2 and l odd, the principal block is generated by k and the ghost number of D 2ql is equal to the ghost number of the Sylow 2-subgroup D 2q , which was shown to be ⌊ q 2 + 1⌋ in [15] . By computing the simple ghost lengths of modules in non-principal blocks, we are also able to show that the simple ghost number of D 2ql is also ⌊ q 2 + 1⌋. Section 5 studies the case when the Sylow p-subgroup P is cyclic. In Section 5.1, we assume that P is cyclic and normal, and show that every simple module in the principal block is a suspension of the trivial module. It follows that stmod(B 0 ) = Thick k and that a map in Thick k is a ghost if and only if it is a simple ghost. Thus the simple ghost number of kG, the ghost number of kG and the ghost number of kP are all equal. Since P is a cyclic p-group, its ghost number is known [11] . In particular, this allows us to compute the ghost numbers of the dihedral groups at an odd prime. Combined with the results above, this completes the computation of the ghost numbers of the dihedral groups, at any prime. The group SL(2, p) has a cyclic Sylow p-subgroup P , but it is not normal. By studying the normalizer L of P and applying the results of Section 5.1 to L, we show in Section 5.2 that the simple generating hypothesis holds for SL(2, p) over a field k of characteristic p. Along the way, we find that there is an equivalence stmod(kG) → stmod(kL), but that the simple generating hypothesis does not hold for kL.
In Section 6 we study strong ghosts. We begin in Section 6.1 by showing that the strong ghost number of a group algebra kG equals the strong ghost number of kP , where P is a Sylow p-subgroup of G. Then we compute the strong ghost numbers of cyclic p-groups in Section 6.2. Finally, in Section 6.3, we show that the strong ghost number of a dihedral 2-group D 4q is between 2 and 3, with the upper bound being the non-trivial result.
Background
In this section, we provide background material that will be used throughout the paper. In Section 2.1, we define invariants of a triangulated category T which depend on a set P of test objects, and prove general results about these invariants. In Section 2.2, we recall some background results about the stable module category of a finite group. In Section 2.3, we apply the general theory to two sets of test objects in the stable module category of a group, giving rise to invariants called the ghost number and the simple ghost number.
The generating hypothesis and related invariants
We begin this section by stating the generating hypothesis with respect to a set of objects in a triangulated category and defining invariants, the Freyd length and the length, which measure the degree to which the generating hypothesis fails. Motivated by this, we recall the definition of a projective class. Then, working in a general triangulated category, we study the relationship between the lengths (and Freyd lengths) of an object with respect to different projective classes. We also compare lengths in different categories by using the pullback projective class.
Let T be a triangulated category, and let P be a set of objects in T. The thick subcategory generated by P, denoted Thick P , is the smallest full triangulated subcategory of T that is closed under retracts and contains P. It is easy to see that P detects zero objects in Thick P , i.e., if M ∈ Thick P and [Σ i P, M ] = 0 for all P ∈ P and i ∈ Z, then M ∼ = 0. Here we write [−, −] for the hom-sets in T.
The generating hypothesis for the set of test objects P is the statement that P detects trivial maps in Thick P , i.e., if f is a map in Thick P and [Σ i P, f ] = 0 for all P ∈ P and i ∈ Z, then f is the zero map [6] .
When the generating hypothesis for P fails, there is a natural invariant which measures the degree to which it fails. Let I denote the class of maps such that [Σ i P, f ] = 0 for all P ∈ P and i ∈ Z, and write I t for such maps in Thick P . The Freyd length len F P (X) of an object X in Thick P with respect to P is the smallest number n such that every composite X → X 1 → · · · → X n of n maps in I t is zero. The Freyd number of T with respect to P is the least upper bound of the Freyd lengths of the objects in Thick P . With this terminology, the generating hypothesis holds for P if and only if the Freyd number of T with respect to P is 1.
It turns out to be fruitful to consider a related invariant, where none of the objects are required to lie in Thick P . The length len P (X) of an object X in T with respect to P is the smallest number n such that every composite X → X 1 → · · · → X n of n maps in I is zero, if this exists (which is the case when X ∈ Thick P ). This is clearly at least as big as the Freyd length, but has better formal properties which make it easier to work with. These properties are best expressed in terms of the projective class generated by P. To motivate the definition, note that P detects the same maps in T as P does, where P denotes the closure of P under retracts, sums, suspensions and desuspensions. Moreover, it is easy to show ( [13] ) that P := P and I determine each other in the sense of the following definition: Definition 2.1. Let T be a triangulated category. A projective class in T consists of a class P of objects of T and a class I of morphisms of T such that:
(i) P consists of exactly the objects P such that every composite P → X → Y is zero for each X → Y in I, (ii) I consists of exactly the maps X → Y such that every composite P → X → Y is zero for each P in P. (iii) for each X in T, there is a triangle P → X → Y → ΣP with P in P and X → Y in I.
Our main examples will be projective classes of the form ( P , I), which we call the (stable) projective class generated by P.
Given a projective class (P, I), there is a sequence of derived projective classes (P n , I n ) [13] . The ideal I n consists of all n-fold composites of maps in I, and X is in P n if and only if it is a retract of an object M that sits inside a triangle P → M → Q → ΣP with P ∈ P 1 = P and Q ∈ P n−1 . For n = 0, we let P 0 consist of all zero objects and I 0 consist of all maps in T. Extending the definition above to any projective class, we define the length len P (X) of an object X in T with respect to (P, I) to be the smallest number n such that every map in I n with domain X is trivial. The fact that each pair (P n , I n ) is a projective class implies that the length of X is equal to the smallest n such that X ∈ P n . When P = P , we write len P (X) as above.
We note that different sets of objects can generate the same projective class but different thick subcategories, so the Freyd length depends on the choice of generating set P, not just on the projective class P it generates.
The following lemma is a direct consequence of the definition of a projective class. This idea is used in comparing the ghost length and the simple ghost length of a module. Lemma 2.2. Let T be a triangulated category, and let (P, I) and (Q, J ) be projective classes on T. Then we have the following relationships:
• If M has finite length with respect to (P, I), then
• If Q ⊆ P, then
, we actually need to prove two inequalities:
For the second inequality, let len Pn (M ) = m. Then M ∈ (P n ) m ⊆ P mn , which means that len P (M ) mn. Equivalently, we can prove the inequality using the inclusion I mn ⊆ (I n ) m , i.e., if every m-fold composite of n-fold composites of maps in I out of M is trivial, then every mn-fold composite of maps in I out of M is trivial.
Using the inclusions the other way, i.e., (P n ) m ⊇ P mn and I mn ⊆ (I n ) m , one can prove that len Pn (M ) len P (M )/n . The other inequalities in the lemma follow with similar proofs.
The analog of Lemma 2.2 for Freyd lengths is a bit more subtle because of the need to take into account the appropriate thick subcategories. For example, if ( P , I) and ( Q , J ) are projective classes and Q ⊆ P, then clearly I ⊆ J . But the inclusion Thick Q ⊆ Thick P goes in the other direction, so in general there is no inclusion between I t and J t .
Nevertheless, if we include assumptions which control the thick subcategories, then most of the results go through. We simply work with (I t ) n instead of I n . However, one difference is that we only have an inclusion (I t ) mn ⊆ ((I n ) t ) m , rather than an equality, and as a result, we lose the first inequality from equation (2.1). In the next lemma, we give a result which we will use later. Lemma 2.3. Let T be a triangulated category, and let ( P , I) and ( Q , J ) be projective classes on T generated by sets P and Q. If P ⊆ Thick Q , Q ⊆ P n and M ∈ Thick P , then
Proof. Let m = len F Q (M ). We must show that any composite M = M 0 → M 1 → · · · → M mn of maps in I with the M i in Thick P is zero. The inclusion P ⊆ Thick Q tells us that Thick P ⊆ Thick Q , so these maps are in Thick Q . The inclusion Q ⊆ P n tells us that I n ⊆ J . Thus the above composite is an m-fold composite of maps in J ∩ Thick Q , and so is zero by the definition of m. 
Consider a triangle
Proof. Let n = len
. We want to show that any map φ : M → N in (I t ) n+l is trivial. Write φ as φ 2 φ 1 , where φ 1 is in (I t ) n and φ 2 is in (I t ) l . Then, since len F P (M ′ ) = n, the composite φ 1 α is stably trivial and φ 1 factors through M ′′ :
Now since len
F P (M ′′ ) = l, the composite φ 2 ψ is trivial and so φ is trivial as well.
Now we explain how to compare lengths in different categories, using the pullback projective class.
Definition 2.5. Let U : T → S be a triangulated functor between triangulated categories, together with a left adjoint F : S → T that is also triangulated, and let (P, I) be a projective class on S. We define
Then I ′ forms the ideal of a projective class on T with relative projectives
The projective class (P ′ , I ′ ) on T is called the pullback of (P, I) along the right adjoint U [14] . It is the projective class on T generated by the class of objects F (P).
One readily sees that the following relationships hold, since F sends P into P ′ and U sends I ′ into I.
Lemma 2.6. Suppose we are in the above situation and that M ∈ S and N ∈ T. Then
and, if the functor U is faithful,
The stable module category
Let G be a finite group, and let k be a field whose characteristic p divides the order of G. The stable module category StMod(kG) is a quotient category of the module category Mod(kG). For kGmodules M and N , the hom-set Hom(M, N ) in StMod(kG) is the quotient Hom(M, N )/PHom(M, N ), where PHom(M, N ) consists of the maps that factor through a projective module. Then StMod(kG) is a triangulated category with triangles coming from short exact sequences in Mod(kG). Two modules M and N are said to be stably isomorphic if they are isomorphic in the stable module category, and this holds if and only if their projective-free summands are isomorphic as kG-modules.
We use the symbol ∼ = for isomorphism as kG-modules, unless otherwise stated. The desuspension ΩM of a module M is defined to be the kernel in any short exact sequence
where Q is a projective kG-module. Note that ΩM is well-defined in the stable module category, and we denote by ΩM the projective-free summand of ΩM . We write stmod(kG) for the full subcategory of finitely generated modules in StMod(kG). (More precisely, we include all modules which are stably isomorphic to finitely generated kG-modules.) We refer to [7] for more background on StMod(kG).
Now let P be a Sylow p-subgroup of G. We consider the adjunction
with ↑ G as a left adjoint. We quote the following important facts in modular representation theory for further use:
. Let G be a finite group, let k be a field whose characteristic p divides the order of G, and let P be a Sylow subgroup of G. Then the following hold:
A kG-module Q is projective if and only if its restriction Q↓ P is projective.
. Let L and H be subgroups of G, and let V be a kH-module.
Here sV = s ⊗ V is the corresponding k(sHs −1 )-module for s ∈ G, and the sum is taken over the double coset representatives.
Ghost lengths and simple ghost lengths in StMod(kG)
By the generating hypothesis on StMod(kG), we mean the generating hypothesis with respect to the set {k} containing only the trivial module. Since Tate cohomology is represented by k, the associated ideal G consists of ghosts in StMod(kG), i.e., maps which induce the zero map in Tate cohomology. Thus the generating hypothesis is the statement that there are no non-trivial maps in Thick k which induce the zero map in Tate cohomology. The projective class (F , G) generated by k has F = k , summands of direct sums of suspensions and desuspensions of k. We call (F , G) the ghost projective class. When we need to indicate the dependence on the group, we write (
For a module M ∈ Thick k , its ghost length gl(M ) is defined to be its Freyd length with respect to {k}, and the ghost number of kG is the Freyd number of StMod(kG) with respect to {k}. With this terminology, the generating hypothesis is the statement that the ghost number of kG is 1.
Since the restriction functor preserves the trivial module, we can induce up a (non-trivial) ghost from a subgroup of G to get a (non-trivial) ghost G. This provides a very convenient tool when we study p-groups. However, the inducing up technique has limited use for a general finite group, since the ghosts, when induced up, do not always land in Thick k , which is often smaller than stmod(kG).
In general, the stable module category is generated by the set S of simple modules. This suggests that we examine the projective class (S, sG) generated by S, which we call the simple ghost projective class, and compare it to the ghost projective class. Here S = S , and the maps in sG are called simple ghosts. The simple generating hypothesis for kG is the generating hypothesis with respect to S. The Freyd length (respectively number) with respect to S will be called the simple ghost length (respectively number). For M ∈ stmod(kG), the simple ghost length is denoted by sgl(M ) = len F S (M ). Note that while the ghost length is only defined for M ∈ Thick k , the simple ghost length is defined for all M ∈ stmod(kG) since stmod(kG) = Thick S . If G is a p-group, then S = {k}, so the simple ghost projective class and the ghost projective class coincide.
Remark 2.9. The radical series of a kG-module M gives a construction of M using simple modules, showing that len S (M ) is at most the radical length of M , since the pair (S n , sG n ) is a projective class, as described in Section 2.1. Therefore,
This shows that the simple ghost number of kG is finite. In particular, for P a p-group, the ghost number of kP is finite. In Conjecture 4.9 we assert that the ghost number of kG is always finite, but this is an open question.
In the last section of the paper, we will study another projective class on StMod(kG), which is called the strong ghost projective class.
Groups with normal Sylow p-subgroups
In this section, we assume that our group G has a normal Sylow p-subgroup P . Under this assumption, in Section 3.1 we show that the simple ghost number of kG is equal to the ghost number of kP . In Section 3.2, we apply this result to the group A 4 at the prime 2, deducing that the simple ghost number is 2 and that the ghost number is between 2 and 4.
The simple projective class as a pullback
In this section, we show that the simple ghost projective class on StMod(kG) is the pullback of the ghost projective class on StMod(kP ), under the assumption that the Sylow p-subgroup P is normal in G. Then we show that simple ghost lengths in StMod(kG) are the same as ghost lengths in StMod(kP ). The main result of this section should be viewed as the stabilised version of the next lemma:
. Let k be a field of characteristic p, and let G be a finite group with a normal Sylow p-subgroup P . Let M be a kG-module. Then rad(M )↓ P = rad(M ↓ P ). It follows that the radical sequence of M coincides with that of M ↓ P . In particular, M is semisimple if and only if M ↓ P is.
We write ( F P ↑ G , res −1 (G P )) for the pullback of (F P , G P ) along the restriction functor. Then, by Lemma 2.7(ii), we have
, if a map in StMod(kG) restricts to a ghost in StMod(kP ), then it is a ghost. (Note that we write ↓ P for the restriction functor except when considering preimages, in which case we write res −1 .) We can describe res −1 (G P ) more precisely when P is normal in G. Theorem 3.2. Let k be a field of characteristic p, and let G be a finite group with a normal Sylow p-subgroup P . Then the projective classes (S, sG) and ( F P ↑ G , res −1 (G P )) on StMod(kG) coincide, and for M ∈ stmod(kG) and L ∈ stmod(kP ), we have
Hence simple ghost number of kG = ghost number of kP.
In particular, the simple generating hypothesis holds for kG if and only if
The first claim of theorem is saying that a map in StMod(kG) is a simple ghost if and only if its restriction to P is a ghost.
Proof. We first show that both functors ↑ G and res = ↓ P preserve the test objects. The containment res(S) ⊆ F P follows directly from Lemma 3.1. To see that F P ↑ G ⊆ S, by Lemma 3.1 it suffices to check that k↑ G ↓ P ∼ = ⊕k, and this is true by Mackey's theorem (Theorem 2.8). Finally, by
It follows immediately that sG = res −1 (G P ), and so sG↓ P ⊆ G P . Note that we also have that G P ↑ G ⊆ sG, using that res(S) ⊆ F P and that ↑ G is right adjoint to restriction.
We now prove that sgl(L↑ G ) = gl(L), with the other equality following similarly. Since the induction functor takes a non-trivial ghost in stmod(kP ) into a non-trivial simple ghost in stmod(kG),
Remark 3.3. One can also consider the unstable projective classes generated by the simple modules on StMod(kG) and StMod(kP ). We write (S u , sG u ) for the unstable projective class generated by the simple modules on StMod(kG) and (F u , G u ) for the unstable projective class generated by the trivial module on StMod(kP ). Here S u consists of retracts of direct sums of simple modules in StMod(kG) and F u consists of direct sums of the trivial module in StMod(kP ). For a projective-free kP -module L, the radical length of L is exactly the length with respect to the projective class (F u , G u ). And Lemma 3.1 says that if M is a projective-free kG-module and L is a projective-free kP -module, then
Moreover, the projective classes (S u , sG u ) and ( In this section, we show that in general the restriction functor from a finite group G to a Sylow p-subgroup P does not preserve ghosts. We also compute the simple ghost number of kA 4 at the prime 2 and give bounds on its ghost number.
Let G be A 4 , the alternating group on 4 letters, and set p = 2, so P = V , the Klein four group, is normal in A 4 . It is known that Thick A4 k = stmod(kA 4 ) [12] . For convenience, we assume that k contains a third root of unity ζ, i.e., F 4 ⊆ k. Then k↑
Here k ζ is the one-dimensional module with the cyclic permutation (123) acting as ζ and elements of even order acting as the identity, and similarly for kζ . Note that by Lemmas 2.7(ii) and 3.1, these are all the simple kA 4 -modules, i.e., S = {k, k ζ , kζ}. By Theorem 3.2, a map restricts to a ghost in stmod(kV ) if and only if it is a simple ghost in stmod(kA 4 ). Since k ζ ≇ Ω i k for all i ∈ Z, the class of kA 4 -modules F = k is strictly contained in S = S , or equivalently, simple ghosts are strictly contained in ghosts. Therefore, there exists a ghost in stmod(kA 4 ) which does not restrict to a ghost in stmod(kP ).
For a specific example, we consider the connecting map γ : k ζ → Ωk ζ in the Auslander-Reiten triangle [2, Section 4.12]
associated to the simple module k ζ . Since γ is stably non-trivial, it is not a simple ghost. But since k ζ ∈ F , the map is a ghost, by [8, Theorem 2.1]. We now compute the simple ghost number of kA 4 and give bounds on the ghost number. We are able to get an upper bound for the ghost number of A 4 , since the simple modules have bounded ghost lengths. Proof. By Theorem 3.2, the simple ghost number of kA 4 is equal to the ghost number of kV , which is known to be 2 (see [11] ). Since stmod(kA 4 ) = Thick k and every simple ghost is a ghost, the ghost number of kA 4 is at least 2. On the other hand, there is a short exact sequence
. It follows that S ⊆ F 2 . Thus, by Lemma 2.3, the ghost number of kA 4 is at most twice the simple ghost number.
Note that stmod(kA 4 ) = Thick k . In the next section, we prove finiteness under a weaker hypothesis.
Groups whose principal block is generated by k
In this section, we further our study of the ghost number of a group algebra kG by making use of the fact that the thick subcategory Thick k generated by k is contained in stmod(B 0 ), where B 0 is the principal block of kG, and stmod(B 0 ) consists of modules in stmod(kG) whose projective-free summands are in the principal block B 0 . The reader is referred to [1] and [2] for background on block theory.
We focus on the case in which Thick k = stmod(B 0 ). In Section 4.1, we show that this holds when the Sylow p-subgroup A is a direct factor. In this situation, we prove that stmod(kA) is equivalent to Thick G k , and use these results to show that the ghost numbers of kA and kG agree.
In Section 4.2, we show that when Thick k = stmod(B 0 ), the ghost number of kG is finite. The finiteness of the ghost number remains an open question without this hypothesis. We also show that in general the composite of functors
is faithful, where P is a Sylow p-subgroup of G and e 0 is the principal idempotent, which allows us to prove that the ghost number of kG is at least as large as the ghost number of kP when Thick k = stmod(B 0 ). We quote Theorem 4.11 which provides conditions equivalent to Thick k = stmod(B 0 ). Finally, in Section 4.3, we use this material to compute the ghost numbers of the dihedral groups at the prime 2. In addition, we give a block decomposition of each dihedral group and compute its simple ghost number.
Direct products
In this section, we study the ghost number of certain direct products, making a slight correction to a result in [12] . Let k be a field of characteristic p, and G = A × B with A being a p-group, and the order of B being coprime to p. (That is, A is the Sylow p-subgroup of G.) Write i : A → A × B for the inclusion of A into G and π : A × B → A for the projection onto A. Then πi = id A .
We will prove the following result. Recall that for a class P of objects, Loc P denotes the localizing category generated by P, i.e., the smallest full triangulated subcategory that is closed under arbitrary coproducts and retracts and contains P. [12] can be replaced with the above theorem and the fact that Thick G k = stmod(B 0 ) (Corollary 4.4 below), so all of the main results of [12] are correct.
Proof of Theorem. We first note that the functor π * : Mod(kA) → Mod(kG) induced by π : G → A passes down to the stable module categories. To prove this, it suffices to show that if P is a projective kA-module, then π * P is projective. Since πi = id, the restriction of π * P to A is P , and since A is the Sylow p-subgroup of G, it follows from Lemma 2.7(iii) that π * P is projective. It is easy to see that the functor π * : StMod(kA) → StMod(kG) is triangulated and preserves coproducts and the trivial representation.
Let im(π * ) be the essential image of π * in StMod(kG). The modules in im(π * ) are exactly those whose projective-free summands have trivial B-actions. It follows that π * is full and that im(π * ) is closed under coproducts. Since i * π * = id, the functor π * is also faithful. Thus π * induces a triangulated equivalence between StMod(kA) and im(π * ). Because StMod(kA) = Loc A k and π * is triangulated, we get that im(π * ) is contained in Loc G k and that im(π * ) is triangulated. Hence im(π * ) = Loc G k , and we get the triangulated equivalence π * : StMod(kA) → Loc G k . Clearly, the restriction functor i * : Loc G k → StMod(kA) on the localizing subcategory generated by k is inverse to π * . Restricting to compact objects, we get the equivalence π * : stmod(kA) → Thick G k , since Thick k consists of exactly the compact objects in Loc k by [18, Lemma 2.2].
As a corollary, we can compute the ghost number of kG. To show that Thick k = stmod(B 0 ), we compute the principal block idempotent using the next formula:
Theorem 4.3 ([17, Theorem 1])
. Let k be a field of characteristic p, let G be a finite group, and let e 0 = ǫ g g be the principal block idempotent in kG with each ǫ g in k. Then
for a p-regular element g ∈ G, and ǫ g = 0 if g is not p-regular.
We say that g is p-regular if its order is not divisible by p; otherwise it is said to be p-singular; an exception is that the identity element 1 is both p-regular and p-singular. We write G p for the set of p-singular elements and G p ′ for the set of p-regular elements. Proof. We compute that the principal idempotent e 0 is 1 |B| ( b∈B b), using Theorem 4.3. Since be 0 = e 0 for each b ∈ B, the projective-free modules in stmod(B 0 ) and StMod(B 0 ) all have trivial B actions. Thus, by Theorem 4.1, the claim follows.
One can also prove the corollary using Theorem 4.11. Note that the only simple module in stmod(B 0 ) is the trivial module k in this case. Indeed, since A G is normal, a simple module S has trivial A-action (Lemma 3.1); and if S is in stmod(B 0 ), then it has trivial B-action too, by Theorem 4.1. Hence S is the trivial module k.
Remark 4.5. One can check that the algebra map kA → k(A×B) e0 − → e 0 (k(A×B)) is an isomorphism. It induces the equivalence stmod(B 0 ) → stmod(kA) with inverse π * . This also explains why we need to shrink the domain of the functor i * to get an equivalence.
We combine the discussion in Section 3.1 and the results of this section in the next proposition. That gl(N ) = gl(e 0 (N ↑)) for N ∈ stmod(kA) is a result of Theorem 4.1, as one checks that the functor e 0 (−↑) is isomorphic to the equivalence π * : stmod(kA) → Thick G k . The last equality is a special case of the first.
Note that one can't expect gl(N ) = gl(e 0 (N ↑)) for groups that aren't direct products, even when Thick k = stmod(B 0 ). For example, this fails for A 4 , using the discussion in Section 3.2 and the fact that e 0 = 1 in this case.
Finiteness of the ghost number and a lower bound
Let G be a finite group, let k be a field whose characteristic p divides the order of G, and let P be a Sylow p-subgroup of G. In this section, assuming that Thick k = stmod(B 0 ), we prove that the ghost number of kG is finite (Theorem 4.7) and is greater than or equal to the ghost number of kP (Proposition 4.10).
Theorem 4.7. Let k be a field of characteristic p, and let G be a finite group with Sylow p-subgroup P . Suppose that Thick G k = stmod(B 0 ). Then the ghost number of kG is finite.
In particular, the theorem holds for any p-group G, since then Thick G k = stmod(B 0 ) = stmod(kG), recovering [11, Theorem 4.7] . Our proof follows the approach used in Proposition 3.5 for the alternating group A 4 .
Proof.
Recall that the simple ghost number of kG is finite (Remark 2.9). It then follows that, since there are no non-zero maps between different blocks, the Freyd number of kG with respect to Q := S ∩ B 0 , the set of simple modules in the principle block, is finite. On the other hand, since Thick G k = stmod(B 0 ) and Q is a finite set, we have Q ⊆ F n = P n for some n, where P = {k}. It then follows from Lemma 2.3 that the ghost number of kG is bounded above by n times the Freyd number of kG with respect to Q, and thus is finite.
We call the Freyd number of kG with respect to Q the simple ghost number of B 0 . Remark 4.8. Note that each M ∈ Thick k has finite ghost length. But we need to find an universal upper bound to prove finiteness of the ghost number. One idea is to look at the radical sequence as was done for p-groups in [11] . When Thick G k = stmod(B 0 ), the simple modules that can appear in the radical sequence for M ∈ Thick G k all have finite ghost lengths. However, whether the ghost number is finite when Thick G k = stmod(B 0 ) remains open, since we cannot answer the following question proposed in [4] : does there exist a simple module in the principal block with vanishing Tate cohomology? Indeed, if there exists a simple module in stmod(B 0 ) but not in Thick G k , and its Tate cohomology does not vanish, then it can appear in the radical sequence of a module M ∈ Thick G k . Hence the proof here does not apply to the case where Thick G k = stmod(B 0 ).
We state the question in the general case as a conjecture: Conjecture 4.9. Let G be a finite group, and let k be a field whose characteristic divides the order of G. Then the ghost number of kG is finite. Now we determine a lower bound for the ghost number of kG. Note that for a group G with subgroup H, the induction functor sends ghosts to ghosts and is faithful. However, induction does not preserve Thick k in general, so this technique is of limited use in computing the ghost number of G. To try to remedy this, we can consider the composite e 0 (−↑ G ) of induction with projection onto the principal block. This will provide us with a ghost in Thick G k if we assume that Thick G k = stmod(B 0 ).
Note that we have adjunctions
where j denotes the inclusion. We show that the composite e 0 (−↑ G ) is faithful in the case where H is a Sylow p-subgroup. We don't know of a counterexample to the last inequality.
Proof. It suffices to show that the unit map
of the composite adjunction is split monic. It is well known that ↑ G is both left and right adjoint to ↓ P , with unit map η : M → M ↑ G ↓ P sending m to 1 ⊗ m, and counit map ǫ : M ↑ G ↓ P → M sending g ⊗ m to gm if g ∈ P and to 0 if g ∈ P .
The unit map for the adjunction e 0 (−) : stmod(kG) ⇄ stmod(B 0 ) : j is the natural projection N → j(e 0 N ) by left multiplication by e 0 . Since the stable module category stmod(kG) decomposes into blocks, it is easy to check that e 0 (−) is also right adjoint to j, with counit the natural inclusion j(e 0 N ) → N .
The composite
− → M sends m to ǫ(e 0 ⊗ m). We show that it is an isomorphism. Since P is a p-subgroup of G and the only possible non-zero coefficient ǫ h for h ∈ P is ǫ 1 = |G p ′ | −1 by Theorem 4.3, one sees that ǫ(e 0 ⊗ m) = ǫ 1 m. But ǫ 1 is invertible in k, so the composite is an isomorphism. It follows that M → (e 0 (M ↑ G ))↓ P is split monic and the functor e 0 (−↑ G ) is faithful.
It is clear that the composite e 0 (−↑ G ) preserves ghosts. Hence gl(e 0 (L↑ G )) gl(L) for L ∈ stmod(kP ), and the ghost number of kG is greater than or equal to the ghost number of kP .
We quote the next theorem to end this section. It provides conditions for checking whether Thick G k = stmod(B 0 ). Recall that a finite group is said to be p-nilpotent if G p ′ , the set of p-regular elements of G, forms a subgroup. 
Dihedral groups at the prime 2
Let G = D 2ql be a dihedral group of order 2ql, where q is a power of 2 and l is odd, with presentation D 2ql = x, y | x ql = y 2 = (xy) 2 = 1 . Let k be a field of characteristic 2. In this section, we will determine the ghost number and simple ghost number of kD 2ql by analyzing the blocks. (See Theorem 5.7 for the ghost number of kD 2ql at an odd prime.)
We can compute the principal block idempotent of kD 2ql using Theorem 4.3 and the fact that l = 1 in k. 
We regard D 2q as the subgroup of D 2ql generated by x l and y, and so we have a natural unital algebra map α : kD 2q → kD 2ql → e 0 kD 2ql . Note that D 2q is a Sylow 2-subgroup of D 2ql . Lemma 4.13. The algebra map α : kD 2q → e 0 kD 2ql is an isomorphism.
Proof. As an algebra, e 0 kD 2ql is generated by e 0 x and e 0 y. Clearly, e 0 y = α(y) is in the image of α. And since l is odd and e 0 x q = e 0 , we see that e 0 x = e 0 x kl for some integer k. Hence the map α is surjective. Since e 0 kD 2ql is projective as a kD 2ql -module, its dimension is at least 2q, which equals the dimension of kD 2q , so α has to be an isomorphism.
As a corollary, we can compute the ghost number of kD 2ql .
Corollary 4.14. The thick subcategory generated by k is the same as the principal block,
and the ghost number of kD 2ql is ⌊ q 2 + 1⌋. Proof. Since α is an isomorphism, it induces an equivalence stmod(kD 2q ) → stmod(e 0 kD 2ql ) sending
D2q ). The first statement follows from the facts that this equivalence sends k to k and that Thick D2q k = stmod(kD 2q ). It also follows that the ghost number of kD 2ql = the ghost number of kD 2q .
The second statement then follows from [15, Corollary 4 .25], which shows that the ghost number of kD 2q is ⌊ q 2 + 1⌋.
So, in this case, the lower bound given by Proposition 4.10 is an equality. We next consider the simple ghost number of kD 2ql .
Remark 4.15. Note that the only simple module in the principal block is k, by Lemma 4.13. Also, the inverse to the equivalence stmod(kD 2q ) → stmod(e 0 kD 2ql ) is given by restriction. It follows that, for M ∈ stmod(e 0 kD 2ql ), we have
To compute the simple ghost number of kD 2ql , it remains to consider the non-principal blocks. From now on, we assume that k contains an l-th primitive root of unity ζ. Let C ql be the cyclic subgroup of D 2ql generated by x. We will show that inducing up is fully-faithful on each non-principal block, using the following lemmas.
It is not hard to compute the idempotent decomposition of 1 in kC ql .
Lemma 4.16. The identity 1 ∈ kC ql has an decomposition into orthogonal primitive idempotents:
The block corresponding to e i has exactly one simple module k i , the one-dimensional module on which x q acts as ζ l−i .
Proof. It is easy to check that the e i 's are orthogonal and idempotent, and that e i k i = k i . It is well known that the k i 's are a complete list of simple kC ql -modules, so it follows that the idempotents are primitive.
Since conjugation by y in D 2ql takes e 0 to e 0 and e i to e l−i for i > 0, we can deduce the idempotent decomposition for kD 2ql .
Lemma 4.17. The identity 1 ∈ kD 2ql has a decomposition into orthogonal primitive central idempotents:
Moreover, the block corresponding to e ′ i has exactly one simple module, namely
Proof. Clearly, the e Define
where k i is the simple kC ql -module defined in Lemma 4.16. With respect to the basis {1 ⊗ 1, y ⊗ 1} of kD 2ql ⊗ C ql k i , it is easy to check that S i is represented using the following matrices:
And from this representation, one sees quickly that S i ↓ C ql = k i ⊕ k l−i . The action of y on S i exchanges k i and k l−i , hence, as kD 2ql -modules, both k i and k l−i generate the whole module S i . Thus S i is a simple module. It is also clear that the module S i is in the block e ′ i kD 2ql , and so stmod(e
We next provide a list of all the indecomposable kC ql -modules. The result can be found in [1, p. 14, 34] . Recall that for each 1 n q there is a unique indecomposable kC q -module M n of radical length n, and that these are all of the indecomposable kC q -modules.
Lemma 4.18 ([1]).
The modules e i (M n ↑ C ql ), for 1 n q and 0 i < l, are a complete list of the indecomposable kC ql -modules. Now we can show that the induction functor induces an equivalence between the non-principal blocks of kC ql and kD 2ql . 
is fully-faithful, hence induces an equivalence stmod(B i ) → stmod(e ′ i kD 2ql ).
Proof. We begin by showing that
is fully-faithful when restricted to stmod(B i ). Let M := e i (M n ↑ C ql ) be one of the indecomposable kC ql -modules described in Lemma 4.18, and write N :=
, and
is an isomorphism onto e i (N ). Because ↑ is left adjoint to ↓, the following diagram commutes
By the discussion in the previous paragraph, η * is an isomorphism, and so ↑ is as well. Since this is true for every indecomposable in stmod(B i ), it follows that the induction functor is fully-faithful when restricted to stmod(B i ), and induces a triangulated equivalence between stmod(B i ) and its essential image. Since stmod(B i ) = Thick C ql k i (Lemma 4.16) and
, and the claim follows. Remark 4.20. Note that the inverse of the equivalence is given by the composite of restriction and then projection onto the block e i kC ql .
We can now compute the simple ghost number of kD 2ql .
Hence the simple ghost number of kD 2ql = the ghost number of kD 2ql = ⌊ q 2 + 1⌋. Proof. We have equivalences stmod(B i ) → stmod(e ′ i kD 2ql ) and stmod(kD 2q ) → stmod(e 0 kD 2ql ). The equivalences preserve simple modules, hence radical lengths and simple ghost lengths. Then, for M ∈ stmod(e ′ i kD 2ql ), we have sgl(M ) = sgl(e i (M ↓ C ql )) = sgl(e l−i (M ↓ C ql )) by Proposition 4.19 and Remark 4.20.
And by Theorem 3.2, sgl(M ↓ C ql ) = gl(M ↓ Cq ).
For M ∈ stmod(e 0 kD 2ql ), we have seen in Remark 4.15 that
Since the ghost number of C q is ⌊q/2⌋ (Lemma 6.5), and the ghost number of D 2ql is ⌊ q 2 + 1⌋ [15, Corollary 4.25], it follows that the simple ghost length is maximized by sgl(M ) for some M ∈ stmod(e 0 kD 2ql ), and that the simple ghost number of kD 2ql equals its ghost number.
Groups with cyclic Sylow p-subgroups
We consider a group G with a cyclic Sylow p-subgroup P in this section. When the Sylow p-subgroup is normal, we know from Section 3.1 that simple ghost lengths can be computed by restricting to P . We show in Section 5.1 that, when P is also cyclic, the simple ghost length of a module in the principal block is equal to its ghost length and that the finitely generated modules in the principal block are exactly those in Thick k . We use this to compute the ghost numbers of dihedral groups at odd primes. In Section 5.2, we study the group SL(2, p) at the prime p, which has a cyclic Sylow p-subgroup which is not normal. Nevertheless, by restricting to the normalizer L of P , we are able to show that the simple generating hypothesis holds for SL(2, p) for any p, even though it fails for L and P when p > 3.
The case of a cyclic normal Sylow p-subgroup
Let k be a field of characteristic p, and let G be a finite group with cyclic Sylow p-subgroup C p r . We assume that k is algebraically closed and that C p r is normal in G.
Since P G is normal, Theorem 3.2 says that
for M ∈ stmod(kG). In this section, using that P is in addition cyclic, we are going to show that
for M ∈ stmod(B 0 ), as we found for direct products in Proposition 4.6. Our approach is as follows. We will show that all simple modules in the principal block StMod(B 0 ) are suspensions of the trivial module k. Hence the simple ghost projective class and the ghost projective class coincide when both are pulled back to StMod(B 0 ). It then follows that Thick k equals stmod(B 0 ) and that for M in stmod(B 0 ), its ghost length is the same as its simple ghost length.
We say that a kG-module M is uniserial if the successive quotients in the radical sequence associated to M are simple. Note that this is equivalent to the successive quotients in the socle sequence associated to M being simple.
An important fact about the representations of G when its Sylow p-subgroup is normal and cyclic is that the indecomposable modules are uniserial: Recall that in general there is a bijection between indecomposable projective kG-modules and simple kG-modules given by the assignment that sends a projective module Q to its radical quotient Q/rad(Q) [1, Theorem 5.3] . The inverse sends a simple module to its projective cover, i.e. the unique indecomposable projective module that surjects onto it. Also note that for a projective kG-module Q, we have an isomorphism Q/rad(Q) ∼ = soc(Q) [1, Theorem 6.6] .
When P = C p r G is cyclic and normal, we can say more.
Lemma 5.2. Let G be a finite group with cyclic normal Sylow p-subgroup P = C p r , let k be a field of characteristic p, and let Q be the projective cover of the trivial module k. If S is a simple module, then Q ⊗ S is its projective cover.
Proof. First note that Q ⊗ M is projective for any kG-module M [1, Lemma 7.4], so Q ⊗ S is projective. To see that Q ⊗ S is indecomposable, first note that S ∼ = k ⊗ S ⊆ soc(Q ⊗ S). Since Q ⊗ S is projective, so is its restriction to P , by Lemma 2.7(iii). Since projective kP -modules are free, this restriction must have rank dim S and socle k ⊕ dim S . Then, by Lemma 3.1, the dimension of soc(Q⊗S) must also be dim S, and so we actually have S ∼ = soc(Q ⊗ S). Thus Q ⊗ S is indecomposable.
We have seen that Q ⊗ S is an indecomposable projective, and it comes with a surjection onto S, so it must be the projective cover of S.
We continue to write Q for the projective cover of the trivial module k. The proof above shows that Q↓ kC p r = kC p r . It follows that the radical layers of Q are all 1-dimensional. Now, let W be the 1-dimensional simple module rad(Q)/rad 2 (Q). We show that W ∼ = Ω 2 k. Proof. The map Q ⊗ W → W lifts through the quotient map π : rad(Q) → W and gives a map f : Q ⊗ W → rad(Q). Since ker(π) = rad 2 (Q) is the unique maximal submodule of rad(Q), the map f is surjective. As we saw for Q, the radical layers of Q ⊗ W are also all 1-dimensional, so Q and Q ⊗ W have the same radical length. Since the radical length of rad(Q) is one less than that of Q ⊗ W , the composite
is zero, where the map W → Q ⊗ W is the inclusion of the last radical (which equals the socle) of Q ⊗ W . By comparing dimensions, one sees that this is a short exact sequence. And since rad(Q) ∼ = Ωk, we have W ∼ = Ω 2 k. To see that the composition factors of Q are W ⊗n , first note that
for 1 n p r − 1. We get these isomorphisms by comparing the radical layers along the surjective map f : Q ⊗ W → rad(Q), using that both Q and Q ⊗ W have 1-dimensional layers. On the other hand, rad n (Q ⊗ W ) ∼ = rad n (Q) ⊗ W , since tensoring with W preserves the radical layers. Thus
Combining the two displayed isomorphisms and using that W = rad(Q)/rad 2 (Q), it follows inductively that rad
Note that M ⊗ W ∼ = Ω 2 M for any module M . In particular, W ⊗n ∼ = Ω 2n k. Also note that, more generally, the indecomposable projective module Q ⊗ S is uniserial with composition factors We can use the above observations to compute the ghost number of kG. Moreover, let M be a uniserial kG-module of radical length l in Thick G k . Then
In particular, using the natural terminology, the ghost number of kG is equal to the simple ghost number of B 0 .
Proof. Since the simple modules in the principal block are contained in F , the pullback of the simple ghost projective class to StMod(B 0 ) coincides with the pullback of the ghost projective class to StMod(B 0 ). It follows that Thick G k = stmod(B 0 ), and gl(M ) = sgl(M ) for a module M in stmod(B 0 ). Since P G is normal, sgl(M ) = gl(M ↓ P ) for M ∈ stmod(kG), by Theorem 3.2. Hence
and we can compute the ghost lengths in kG by restricting to kC p r . The ghost lengths in kC p r are computed in [11] (summarized in Lemma 6.5 below).
Remark 5.6. We give a concrete description of the module W [1, Exercise 5.3] . Let x be a generator of the cyclic group C p r . Then the one-dimensional module W is given by the group homomorphism that sends g ∈ G to α(g) ∈ k × , where α(g) is the integer such that gxg −1 = x α(g) and α(g) is its image under the canonical map Z → k. If we further compose this map with the self map on k × that takes α to α n , we get the module W ⊗n . Since α(g) lands in F p ⊆ k, we always have W ⊗(p−1) = k.
Let M be a non-projective uniserial module with radical length l 2. We give an explicit construction of a (weakly) universal simple ghost out of M . Let W * be the dual of W , so W ⊗W
To see that the first isomorphism holds, note that it holds for the module Q, hence for the modules Q ⊗ S with S simple. Since M is a quotient of one of the uniserial modules Q ⊗ S, the isomorphism holds for M too. Recall by Theorem 3.2 that a map f is simple ghost if and only if its restriction to a Sylow p-subgroup is a ghost. And for a p-group P , we know that a ghost g : M → N has im(g) ⊆ rad(N ) and soc(M ) ⊆ ker(g) by [11, Corollary 2.6 ]. Hence we consider the short exact sequences
Then im(g) ⊆ rad(N ) and soc(M ) ⊆ ker(g). By Lemma 3.1, the inclusions still hold when restricted to the normal Sylow p-subgroup C p r . Since Ω 2 k ∼ = k in stmod(kC p r ), the proof of [11, Proposition 2.1] shows that g↓ C p r is a ghost. So by Theorem 3.2, the map g is a simple ghost. One can check that the fibre of g is soc(M ) ⊕ Ω(M ⊗ W * /rad(M ⊗ W * )). Thus g is a weakly universal simple ghost. This process can be iterated, producing composites M → M ⊗ (W * ) n of n simple ghosts which are nonzero for n < sgl(M ). If M is in the principal block, then these simple ghosts are ghosts, and so we have exhibited the ghosts predicted by Theorem 5.5. Proof. If p is odd, then its Sylow p-group is cyclic and normal, so its ghost number is given by Theorem 5.5. If p is even, then its ghost number was computed in Corollary 4.14.
The simple generating hypothesis for the group SL(2, p)
In this section, we show that the simple generating hypothesis holds for kG, where G is the group SL(2, p) of order p(p − 1)(p + 1) and k is a field of characteristic p. Background on representations of SL(2, p) can be found in [1, p. 14, 75 ]. We will also need to know about representations of the normalizer N (P ) of P in SL(2, p), which illustrates the results of Section 5.1.
We let P G consist of all elements of the form 1 0 c 1 . P has order p and is a Sylow p-subgroup of G. Let L = N (P ) be the normalizer of P in G. It consists of the elements of the form a 0 c ′ 1/a .
For i ∈ Z, consider the one-dimensional simple module S i of L given by the group map L → k
to a i . Note that S 0 = k is the trivial representation. Clearly, S i ∼ = S j if and only if i ≡ j (modulo p − 1) and S i ⊗ S j ∼ = S i+j . These are all of the simple kL-modules, since there can be at most p − 1 non-isomorphic indecomposable projective kL-modules. Applying the discussion in Section 5.1 to the group L, one obtains a kL-module W ∼ = Ω 2 k. By Remark 5.6, one can check that W ∼ = S −2 . It follows that kL has two blocks, with the module S i in the principal block if and only if i is even. Moreover, S −2i ∼ = W ⊗i ∼ = Ω 2i k, using Lemma 5.3, so all of the simple modules in the principal block are suspensions of the trivial module k. By Theorems 3.2 and 5.5, the simple ghost number of kL, the ghost number of kL and the ghost number of kP are all equal to ⌊p/2⌋.
We will show below that the simple ghost number of kG is actually 1, which is surprising since the simple generating hypothesis fails for its subgroups P and L when p > 3. It is even more surprising in view of the next result, which shows that stmod(kG) and stmod(kL) are equivalent.
The Sylow p-subgroup P is cyclic of order p. Thus it is a trivial intersection subgroup of G (gP g −1 ∩ P is either P or trivial), and we have an equivalence between stmod(kG) and stmod(kL) by restriction and inducing up: . Let G be a finite group, and let k be a field whose characteristic divides the order of G. Let P be a Sylow p-subgroup of G and let L = N (P ) be the normalizer of P in G. Assume that P is a trivial intersection subgroup of G. Then the restriction functor
is an equivalence, with inverse given by the inducing up functor.
Note that the equivalence preserves the trivial representation k both ways, so the ghost number of kG equals that of kL, which is ⌊p/2⌋, by Theorem 5.5. But the equivalence does not preserve simple modules.
By Theorem 5.8, to study the simple ghost number of StMod(kG), it is equivalent to study the pullback projective class of (S, sG) on StMod(kL), i.e. the projective class on StMod(kL) generated by the modules S↓ L , for S a simple kG-module. We are going to show that this projective class contains all finitely-generated modules. It will then follow that the simple generating hypothesis holds for kG.
Theorem 5.9. Let G = SL(2, p). Every module in stmod(kG) is a direct sum of suspensions of simple modules. In particular, the simple generating hypothesis holds for kG.
Note that despite the equivalence of Theorem 5.8, we already observed that the simple generating hypothesis does not hold for kL unless p = 2.
Proof. By the remarks immediately preceding the theorem, it suffices to show that the modules S↓ L , with S a simple module in stmod(kG), generate everything in stmod(kL) under direct sums, suspensions and retracts.
By Theorem 5.1, the indecomposable kL-modules are M i,j , for 1 i p and 0 j p − 2, where M i,j has radical length i and radical quotient M/rad(M ) ∼ = S j . It thus suffices to show that each module M i,j is a suspension of some S↓ L . For convenience, in the following we will interpret the subscript j modulo p − 1.
There are p simple kG-modules [1, p. 14], and we write V 1 , . . . , V p for their restrictions to L. The kL-module V i is uniserial of radical length i, with radical quotient
Note that the module V 1 is trivial and the module V p is projective. The case p = 2 follows immediately, since L = C 2 , and M 1,0 = V 1 ∼ = k and M 2,0 = M 2,1 = V 2 ∼ = kC 2 are the only two indecomposable kL-modules. Thus we assume that p is odd.
Recall that W ∼ = Ω 2 (k), hence − ⊗ W is isomorphic to the functor Ω 2 (−) on stmod(kL). Since − ⊗ W preserves radical lengths and shifts the simple module S j to S j−2 , we have a stable isomorphism Ω 2k V i ∼ = M i,i−1−2k for k ∈ Z. This gives all modules M i,j where i + j is odd.
To get the modules M i,j with i+j even and 1 i < p, note that V p ⊗S p−i−1 is the projective cover of V p−i . It follows that ΩV p−i has radical length i and radical quotient S i−2 , i.e., ΩV p−i ∼ = M i,i−2 . Then we can apply Ω 2k again to obtain the modules M i,j where i + j is even.
In general, for which groups the simple generating hypothesis holds remains open.
Strong ghosts
In Section 6.1, we motivate and define strong ghosts and show that the strong ghost number of a group algebra kG equals the strong ghost number of kP , where P is a Sylow p-subgroup of G. In Section 6.2, we compute the strong ghost numbers of cyclic p-groups. In Section 6.3, we show that the strong ghost number of a dihedral 2-group D 4q is between 2 and 3.
The strong ghost projective class
If H is a subgroup of a finite group G, then it is rare for the restriction functor from G to H to preserve ghosts. For example, we saw in Section 3.2 that restriction from the group A 4 to its Sylow p-subgroup P does not preserve ghosts. As another example, if G is a p-group and N G is any normal subgroup, then the restriction from G to N does not preserve ghosts, since k↑ G N is indecomposable [1, Theorem 8.8] and is not a suspension of k. Strong ghosts, which were introduced in [9] , will by definition restrict to ghosts. Definition 6.1. Let G be a finite group, and let k be a field whose characteristic divides the order of G. A map in StMod(kG) is called a strong ghost if its restriction to StMod(kH) is a ghost for every subgroup H of G.
It follows immediately that the restriction of a strong ghost to any subgroup is again a strong ghost.
In [9] , Carlson, Chebolu and Mináč study strong ghosts in Thick k , but their results imply the following theorem, which says that most groups admit strong ghosts in stmod(kG): Theorem 6.2 (Carlson, Chebolu and Mináč [9] ). Let G be a finite group, and let k be a field whose characteristic divides the order of G. Then every strong ghost in stmod(kG) is stably trivial if and only if the Sylow p-subgroup of G is C 2 , C 3 , or C 4 .
Note that in passing from ghosts to strong ghosts, we only get one more p-group, namely C 4 , where all strong ghosts are stably trivial.
We next observe that strong ghosts form an ideal of a projective class and use this in further study of strong ghosts.
Let H be a subgroup of G. We know that the restriction functor
is both left and right adjoint to the induction functor
The pullback (see Definition 2.5) of the ghost projective class along the restriction functor consists of maps in StMod(kG) which restrict to ghosts in StMod(kH). The intersection of such ideals when H ranges over all subgroups of G consists of exactly the strong ghosts and again forms an ideal of a projective class: the relative projectives are obtained from modules of the form k↑ G H by closing under suspensions, desuspensions, direct sums and retracts. This is the strong ghost projective class on StMod(kG) and is denoted by (stF , stG). (In the terminology of [13] , it is the meet of the pullbacks.)
Note that we can set P = {k↑ G H | H is a subgroup of G} in StMod(kG), and this generates exactly the strong ghost projective class. Since every kG-module M is a summand of M ↓ P ↑ G P , where P is a Sylow p-subgroup of G, and induction is a triangulated functor, we have that Thick G P = stmod(kG). Hence, using the terminology in Section 2.1, Theorem 6.2 is the statement that the generating hypothesis with respect to P holds in StMod(kG) if and only if the Sylow p-subgroup of G is C 2 , C 3 , or C 4 .
For M ∈ stmod(kG), we define the strong ghost length of M , denoted by stgl(M ), to be the Freyd length with respect to P, i.e., stgl(M ) = len F P (M ). The strong ghost number of kG is defined to be the Freyd number of StMod(kG) with respect to P.
One can show that strong ghosts induce up to strong ghosts by proving the dual statement, i.e., that relative projectives restrict to relative projectives. This follows from Mackey's Theorem (Theorem 2.8) and the observation that s(Ω n H k) ∼ = Ω n sHs −1 k [9] . Since the induction functor is always faithful, one obtains the following result: Proposition 6.3 (Carlson, Chebolu and Mináč [9] ). Let G be a finite group, and let k be a field whose characteristic divides the order of G. Let H be a subgroup of G. If g is a stably non-trivial strong ghost in StMod(kH), then g↑ G is a stably non-trivial strong ghost in StMod(kG).
Next, we prove that the induction functor preserves strong ghost lengths. 
